Abstract: Levitated optomechanics, a new experimental physics platform, holds promise for fundamental science and quantum technological sensing applications. We demonstrate a simple and robust geometry for optical trapping in vacuum of a single nanoparticle based on a parabolic mirror and the optical gradient force. We demonstrate rapid parametric feedback cooling of all three motional degrees of freedom from room temperature to a few mK. A single laser at 1550nm, and a single photodiode, are used for trapping, position detection, and cooling for all three dimensions. Particles with diameters from 26nm to 160nm are trapped without feedback to 10 −5 mbar and with feedback-engaged the pressure is reduced to 10 −6 mbar. Modifications to the harmonic motion in the presence of noise and feedback are studied, and an experimental mechanical quality factor in excess of 4×10 7 is evaluated. This particle manipulation is key to build a nanoparticle matter-wave interferometer in order to test the quantum superposition principle in the macroscopic domain.
Introduction: Levitated optomechanics, where light is used to trap a single particle and manipulate its centreof-mass motion, holds promise for unprecedented precision in the control of massive nanoparticles in vacuum [1] . Such precision will be key for the development of applications in sensing of magnetic spin resonance [2] , investigating gravitational effects and detecting inertial forces. Background-free spectroscopy experiments with single particles will benefit from such exquisite control. Moreover, new avenues through which to test fundamental science will become possible, such as interferometric and non-interferometric tests of the quantum superposition principle [3] as well as the test of the interplay between quantum theory and gravity [4] [5] [6] [7] . Recently the motion of single micro/nanoparticles has been optically detected and cooled by linear [8] and parametric feedback [9] . One experiment has already reached the single photon recoil limit [10] . The motion of neutral particles has been cooled by cavity-assisted methods [11] [12] [13] . For charged particles, the use of Paul traps combined with optical cavities has led to temperatures below one Kelvin in high vacuum ( 10 −6 mbar) [14] . Elsewhere, the rotation and torsional motion of nanostructures has been studied and controlled [15] [16] [17] . Further the first demonstration of squeezing the classical thermal state has been reported [18] .
In this paper, we demonstrate a single-mirror trap geometry which has sufficient position resolution to approach a low-phonon state of the centre-of-mass motion of the trapped nanoparticle by parametric feedback cooling alone. Through this mechanism, we have been able to reduce the amplitude of the motion of the centreof-mass of the particle to energies corresponding to effective temperatures of just 1mK. Correspondingly, our trapped nanoparticle is prepared in motional states thermally populated by ∼ 150 phonons in average.
Results: The particle is trapped by the optical gradient force, and detected by light scattered in the Rayleigh regime (cf. Fig. 1) ) for an illustration of the experimental setting). The reflective geometry used in our experiment allows for very tight focusing via a large numerical aperture, which minimises the optical scattering force (radiation pressure) for sub-micron particles. In the limit where the particle is undergoing smallamplitude oscillations, the trapping potential is harmonic and the motion along the three spatial directions (labelled as x, y, and z) is decoupled. Under these conditions, motion along a given spatial direction can be characterised by a trap frequency ω 0,{z,x,y} = k 0,{z,x,y} /m, which is defined by the particle mass m and the optical spring constant k 0,z = 2αP /(cπ 0 w 6 f /λ 2 ) (z-direction) and a different spring constant in the x, y directions due to the different gradient of the Gaussian light focus: k 0,{x,y} = 8αP /(cπ 0 w 4 f ) for a polarisable particle that is dipole-trapped in a focused Gaussian laser beam. Here P is the trapping laser power, α the polarisability of the particle, w f the waist of the trapping laser beam at the focus, c the speed of light, λ is the wavelength of the trapping laser and 0 the permittivity of vacuum. For large amplitude oscillations, behaviour is anharmonic and motional modes are coupled, as has been observed in both low vacuum and high vacuum [19] .
We control the particle motion by feedback modulation of the optical spring constant, which is the control parameter of the motion, via variation of the trapping laser power. We define the depth of this modulation as η = I f b /I 0 where I 0 is the laser intensity without feedback and I f b is the amplitude of the feedback modulation. Laser AOM EDFA
FIG. 1.
Trapping and controlling the motion of the particle. a) Time trace of the particle's three-dimensional motion in the trap, the total signal measured by a single photodiode detector. The particle's motion along the (x,y,z)-directions modulates the phase of the backscattered light re-collimated by the parabolic mirror. The modulated light is measured by a single photodiode and the position is calculated from the fit in Fig.1c ) (see supplement S1 for details). No feedback is applied and the pressure is 7×10 −2 mbar. While the spring constant for x and y are symmetric, the respective spectral peaks are separated by manipulation of the polarisation of the trapping laser. b) Optical setup for parametric feedback cooling. The three-dimensional position of a trapped nanoparticle is measured using a single photodiode. The signal is frequency doubled and phase shifted using three lock-in amplifiers. The sum of these signals is used to modulate the intensity of the trapping laser by an acusto optical modulator (AOM). The modulated signal is amplified in an optical Erbium doped fibre amplifier (EDFA) (see supplement S6 for more details). c) Power spectral density (PSD) of time trace shown in a). The plot shows the zoom into the motion in z-direction. The PSD is fitted to Eq.(2), which is used to extract information about the trapped particle and its motion (see supplement S1 for details). d) We show the incident and outgoing light fields at the parabolic mirror. The detection of the position of the particle is using optical interferometry between the light scattered off the particle Escat and the diverging reference E div . Here the position of the detector is chosen so that the amplitudes of both fields are comparable, unlike the standard homodyne detection scheme (c.f. supplement S2 for details on position resolution of this interferometric scheme).
Such intensity modulation provides a time-varying, nonconservative motional damping resulting in small oscillation amplitudes. The equation of motion for the trapped particle in the x-direction is
where Γ 0 is the damping rate of the particle's motion. We have introduced F th as a stochastic driving term arising from those same sources origin to the motional damping Γ 0 -at the parameter range of this experiment dominated by collisional mechanisms -and k f b (t) as the variation in trap stiffness caused by parametric feedback. Similar equations hold for the particles motion in y and z directions. To achieve parametric feedback, unlike previous exper-
Analysing cooling rate δΓ and damping rate Γ0. a) We show an instance of PSD with x, y, z peaks at temperatures Tcm taken simultaneously. The red data represents a PSD without feedback at 300 K at a pressure of 7 × 10 −2 mbar. The blue data is a PSD of a feedback cooled particle at 6 × 10 −6 mbar. The lowest temperatures reached in this experiment are indicated in the blue graph. The motion in x, y, z-directions are cooled with independent feedback parameters. The grey data represents the noise floor of our system. b) Shows a more detailed variation of the feedback cooling of y at different pressures. Feedback parameters are optimised to maximise the cooling effect. We observe a frequency shift for PSDs taken at different motional temperature Tcm and background pressure, p. c) Shows the translational temperature Tcm for the motion in x, y, z-direction vs pressure, p. An extrapolation of the fit (shown in dashed-lines) through the cooling rate shows that for this data set the ground state temperature (intercept with horizontal dashed lines) could be reached for the pressures of 10 −8 to 10 −9 mbar; if photon recoil and other sources of noise can be overcome [10] . d) The damping rate Γ0 as extracted from fitting a Lorentzian to the PSD (see supplement S1 for details), here is shown for x, y and z-motion for the same data set as in Fig.2c ). The dashed-lines with associated colours are fitting of environmental damping being linearly proportional pressure. The lowest damping rate obtained is 2 mHz at 6 × 10 −6 mbar. The linear fit includes the pressure dependency only, while other effects may play a role at low pressure.
iments [8, 9] we lock an external oscillator to the particle's motion by means of a phase-locked loop (PLL) as also done in [10] . For a system with a high mechanical quality factor but with significant noise by damping factor Γ 0 , this permits an accurate tracking of the motional phase of the mechanical harmonic oscillator, and allows a sinosoidal feedback to be applied relative to the noise induced phase jumps. In more detail, our system is driven by white noise, yet it can respond only to frequencies that fall within its bandwidth. Our capabilities of tracking the individual trajectories of the trapped nanoparticle as it undergoes collisions with the surrounding gas opens up the possibility for the assessment of the stochastic thermodynamics of the system. Therefore the phase of the mechanical oscillator can be extracted from the externally locked oscillator, and we implement parametric feedback with a controlled phase shift relative to the particle motion, in close analogy with early work on microcantilevers [20] . The trapped particle, which is driven strongly out of equilibrium by our driving and feedback mechanism embodies a very promising candidate for the study of dynamical processes and (quantum) fluctuation theorems [21] [22] [23] , while classical studies have been done already [19] . Such a study could turn out to be very informative for the characterisation of the properties of the environment into which the particle is effectively embedded [24] .
The corresponding form of the power spectral density (PSD) of the oscillation is then straightforward to calculate from Eq.(1), leading to the modified Lorentzian response (2) with k B the Boltzmann constant. The interpretation of this result is then straightforward: by tuning the modulation depth of the trap and the relative phase between feedback signal and particle's motion, we are able to change the sign and amplitude of both δΓ and δω, thus tuning the effective dynamics of the particle from an underdamped motion to an overdamped one, and blue or red-detuning its oscillation frequency with respect to that of the trap. This demonstrates the full control that we have managed to achieve over the motion of the nanoparticle.
Assuming equilibration at the steady state of the motion, the equipartition theorem provides an effective temperature of the centre-of-mass motion given by
As δω ω 0 for all the experimental conditions of our work, we can write, T cm = T 0 Γ 0 /(Γ 0 + δΓ), where T 0 is the equilibrium temperature in the absence of parametric feedback cooling, which is here assumed to be 300K. We have experimentally checked the motion of the particle for different trapping laser powers and observed no dependency on such parameter. We instead observe a constant motional temperature, which verifies our assumption that the motion of the particle without active feedback is thermalised at room temperature. We use the equation for T cm to evaluate the centre of mass temperature from fitting the Lorentzian Eq.(2) to the power spectral densities (see Supplement S1 and S7 for more details).
Discussion: Particles can be trapped at atmospheric pressure and kept optically trapped without feedback down to pressures on the order of 10 −5 mbar, see Fig. 3c ). This indicates that using 1550nm trapping light and particles with presumably low absorption cross section minimises the effects of internal heating and ionisation, which would ultimately result in trap loss. With feedback the pressure could be reduced to the limits of the present setup. We trap particles of diameter ranging from 26nm to 160nm at comparable trapping laser powers.
We evaluate the radius r and mass m of the particle from fitting Eq. (2) to PSDs. For typical data we get m=3.3(±0.7) × 10 −19 kg and r = 32(±6)nm (see supplement S1 and S3 for details).The large error bars result from a large uncertainty in the measurement of the pressure in the vacuum chamber. To circumvent such limitations and to perform a parameter independent measurement we perform a further experiment to directly measure the amplitude of particle motion by scanning the wavelength of the trapping laser to modulate the relative amplitudes of the first and second harmonic PSD peaks of the z-motion of a trapped particle (see supplementary section S2 for more details). By comparing the change in amplitude between the first and second harmonic we are able to measure the amplitude of particle motion within the trap to be 119(±10)nm. From the equipartition theorem: m = k b T cm /ω 2 0 z 2 0 , with T cm = 300K we can obtain a pressure independent measure of the particles mass m = 3(±0.5) × 10 −19 kg and thus a particle radius r=30(±2)nm. We evaluate the position resolution to be S x,exp = 200fm/ √ Hz(±8%) for the same 60nm diameter particle as used for the wavelength scan. This position resolution is sufficient to measure a zero-point motion ∆x = 2.6pm with an integration time of one second.
The feedback compensates the thermalisation effect by gas collisions and stabilises the motion at a lower temperature. However, the minimum temperature that can be reached is dependent on the pressure of the system as shown in Fig. 2c ). This dependence is because the pressure damping from gas collisions acts as the dominant heating mechanism in our system. The motion of the particle can be cooled and the lowest temperatures T cm achieved are on the order of 1mK for x,y and z simultaneously at the lowest achieved pressure in the vacuum chamber of 1×10 −6 mbar. The temperature reached is limited by both the pressure and the overall noise floor present in the experiment. An extrapolation of this pressure dependence indicates that motional ground state can be achieved at a pressure on the order of 10 −9 mbar, which is technically feasible although not implemented in our current setup.
The collisional damping rate Γ 0 is analysed for different pressures in Fig. 2d ), and found to be dominating the width of the PSD ∆ω and used to analyse the mechanical factor as Q m = ω 0 /∆ω. Q m is expected to be exceptionally high for the motion of a trapped particle [19] , assuming the relation, Q m = ω 0 /Γ 0 , to hold and a linear decrease of Γ 0 with decreasing pressure. Experimentally we find Q m =4.4×10
7 from the respective collisional damping data at 6×10 −6 mbar, where the damping rate is measured to be Γ 0 /(2π)=2mHz. Assuming that this scaling can be extrapolated to ultra-high vacuum, we find a maximum Q m =10
12 at 10 −9 mbar, in agreement with previous studies [19] .
Feedback cooling rates achieved are on the order of 100Hz depending on the feedback modulation depth η and phase φ. Parametric feedback is by definition the modulation of the optical spring constant k trap at twice the trap frequency. Here we report on an effect of the phase of the feedback on the temperature and frequency of the motion of the trapped particle, see Figs. 3a) and
Feedback dependent effects. All data shown are for the z motion of the particle. a) Feedback phase scan for a 100nm diameter particle at 10 −5 mbar with different phase φ for feedback. PSD showing the dependence of the mechanical oscillator frequency ω0 when driven with a feedback signal of differing phases. The red data represents data for a uncooled particle and its central frequency denoted by a dashed line. b) Extracted temperature from PSDs in a) versus feedback phase φ, according to Eq.(3) and a fixed modulation depth η=0.44. c) PSD of a 100nm diameter particle at different pressure without feedback. Particles could be trapped for some hours without significant changes to the PSD. For pressure below 5×10 −6 mbar the particle was always lost from the trap if no feedback was applied. d) We show the cooling for different feedback modulation depths η for a 100nm diameter particle at 1×10 −6 mbar, fitted with the Eq.(3). All other parameters have been kept constant and the feedback loop phase optimized for maximum cooling. 3b). To study this effect in more detail we systematically change φ to switch between parametric cooling and parametric heating. We find that starting from the optimal cooling situation, that there is heating in both directions when varying the phase, see Fig. 3a) . The relationship between the feedback phase φ, modulation depth η and motional temperature T cm can be derived from a fluctuation theorem for a linear feedback modulation (see [25] ) to be
We find good agreement between theory and experiment for the modulation of the feedback phase φ, as shown in Fig. 3b ) where Eq. (3) is fitted to the experimental data with η =0.44. Increasing of the feedback modulation depth η shows a decrease of the motional temperature in the experiment, which is shown fitted with Eq.(3) to the experimental data in Fig. 3d ) and is in perfect agreement for modulations of η < 0.5%. However at larger modulation depths we find the effect of parametric feedback to cause heating instead. We have demonstrated a parabolic mirror geometry for optically trapping of nanoparticles in high vacuum and achieve parametric feedback cooling in all three motional directions to a few mK. We find a trap frequency modulation effect, which depends on the phase of the parametric feedback.We measure the sensitivity of the system to be sufficient to measure a phonon equivalent displacement or zero-point motion. We find that the system is limited by detector noise and the pressures considered. We conclude that the implementation of ultra-high vacuum and reduction of system noise will pave the way to reaching a low phonon state of levitated optomechanics in this system. We find a single photon recoil limit for our experimental settings of n = 24 phonons as the predicted limit towards ground state cooling (see supplement S8 for more details). Further studies with our setup at ultrahigh vacuum conditions will show if this limit can be reached.
We demonstrate feedback cooled nanoparticles that can be utilized as a point-like source for matterwave interferometers [26] [27] [28] [29] . Trapped nanoparticles hold promise for testing so-called collapse models [30, 31] also by non-interferometric means [32] [33] [34] [35] . The simple, robust and easily vacuum compatible mirror trap might provide useful technology for spectroscopy investigation of environmental independent nanoparticles properties, experiments in space [36] , and the detection of speculative particles [37, 38] . The high Q m value and the precise position detection of 200fm/ √ Hz for a single particle of mass in excess of atomic scales holds promise for various sensing application based on classical levitated optomechanics [39] . Further experiments with levitated optomechanics will aim to demonstrate quantum control [40] and to realise non-classical motional states of levitated optomechanics by continuous weak measurement [41] [42] [43] .
Methods: The optical trap is generated with light from a stabilised fibre laser. The output of the laser is intensity modulated by a AOM according to a feedback signal. The light then seeds an erbium doped fibre amplifier. The light is focused by a high numerical aperture (NA=0.995) parabolic aluminium mirror which is mounted in a vacuum chamber. We trap silica nanoparticles at vacuum as low as 1×10 −6 mbar and at trap frequency ω 0 . This trap frequency can be controlled by varying the laser power and hence the optical spring constant to achieve a ω 0 in the range 10kHz to 300kHz. The particle is a driven dipole and hence radiates a field, a backwards propagating fraction of which is collected and collimated by the same parabolic mirror. Interference between this back scattered field E scat , and the highly divergent field which passes without interacting with the particle through the focus E div (the local oscillator reference field), provides interferometric position resolution. By allowing the reference field to diverge, we make the reference field amplitude comparable with that scattered by the particle, giving a large modulation visibility at the detector.
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Supplementary Material for "Parametric Feedback Cooling of Levitated
Optomechanics in a Parabolic Mirror Trap"
Abstract: Here we give more details about the technical and theoretical details for the particle trap. We describe the interferometric method to detect the position of the particle and evaluate the resolution of this measurement. We describe the method to extract particle and trap parameters from the fitting to the theoretical model to the experimental power spectral density (PSD) and from scanning the trapping laser wavelength. We give details about the particle preparation, trapping and feedback cooling. We further show how to evaluate the numerical aperture (NA) of the parabolic mirror as used in the experiment. We discuss the analysis of noise effects in the trap and give more details about the implementation of the parametric feedback.
S1 EXTRACTION OF PARAMETERS FROM FIT TO POWER SPECTRAL DENSITY (PSD)
Here we describe how to extract nanoparticle parameters, such as mass m and radius r, and parameters about the motion of the nanoparticle in the trap, such as damping of the particle motion Γ 0 , from fitting to the measured power spectral density. Experimental data is directly recorded from the photodiode signal, which means the particle position is recorded in volts as function of time.
Equation of Motion: The time trace signal contains generally the motion of the particle in x, y and z degrees of motion of the particle, which we simplify to one dimension x :
Power spectral density (PSD) with gamma factor γ: We can write the PSD of the trapped nanosphere from the above equation of motion. However, to be able to fit to the experimental data it should be noted that the above is measured in nm 2 /Hz. Whereas experimental PSD of the recorded time trace is in V 2 /Hz, therefore the experimental PSD should look like as
where γ is the conversion factor from volts to nanometers in units of V/m. Fitting gives A, B, C parameters in the PSD model: We can simplify Eq. (5) as
We fit the experimental PSD with the simplified Lorentzian according to Eq. (6), where A :=
, B := ω 0 + δω and C := Γ 0 + δΓ are free fit parameters. To obtain the particles mass m we fit to the PSD of a particle (δω = 0, δΓ = 0) at thermal equilibrium at T 0 =300K.
Obtaining radius r: Based on the fluctuation-dissipation theorem the damping of the particle is Γ 0 and thus can be described as [44] 
where r is the radius of the trapped particle, ξ = 18.6µPa s is the viscosity of air, c k = (0.31Kn)/(0.785 + 1.152Kn + Kn 2 ) is a function of the Knudsen number
where l is the mean free path of the gas particles at the given pressure p. We Taylor expand Eq. (7) for small Kn
to first order and rewrite for radius r, r = 0.619 9πξd
where d m is the diameter of air molecules and ρ is the density of the nanoparticle.
Calculating the maximal possible position resolution of the detection method used: Note that p and Γ 0 are quantities measured and extracted from parameter C of the Lorentzian fit, respectively, thus are directly from experimental data. From r it is easily enough possible to obtain the mass of the trapped particle. From having obtained the mass of the particle we can go back to the PSD fitting Eq.(6), and rearrange to give the conversion factor,
The noise equivalent power (NEP) of a detector characterises the resolution of a detector. For the balanced photodiode detectors used the N EP det = 70nV / √ Hz. Equivalently, we can work out the position resolution of our setup
A typical value for S x,min is 17fm/ √ Hz, which is the minimum achievable in our system. The current experimental position resolution, S x,exp = 0.53pm/ √ Hz, is limited by the noise floor which currently is at N EP exp = 2µV / √ Hz as analysed from experimental data as in Fig.1a ). Parameters as extracted from the fit to the PSD shown in Fig.1 Evaluation of mechanical quality factor Q m : The PSD is fitted by the Lorentzian according to Eq.(5) and the full width at half maximum ∆ω is compared to the mean frequency ω 0 of the motion in the respective direction: Q m = ω 0 /∆ω. Q m for the 300K peak in Fig.4 is given in Tab.I. Assuming the motion of the particle is dominated by gas collisions, then the width of the PSD is determined by the collisional damping rate Γ 0 and we can write: Q m = ω 0 /Γ 0 . We apply this analysis to the lower graph in Fig.4 and find Q m =5×10
7 . Evaluation of the temperature of the motion from Lorentzian fits: We assume that the particle without feedback is at thermal equilibrium with the surrounding gas at T 0 = 300K, which is confirmed by our experimental study for various trapping laser powers. Fitting the Lorentzian according to Eq.(5) to a PSD of the particles motion for a particle at thermal equilibrium with the back ground gas we are able to extract γ 2 k B T 0 /πm. Using this we are able to extract the damping parameters Γ 0 and δΓ from a fit to a PSD of particle motion for a cooled nanoparticle as shown in Fig.(4) . Finally we can obtain T cm by using
S2 EVALUATION OF RESOLUTION OF POSITION DETECTION FROM WAVELENGTH SCAN OF TRAPPING LIGHT:
Here we describe the detection of the particle position by analysing the optical interference pattern of the field which is Rayleigh scattered by the particle E scat , which is re-collimated by the parabolic mirror and the diverging reference field E div , which is diverging and therefore loosing intensity radiating away from the mirror.
FIG. 4.
Temperature evaluation from fits to PSD. The hollow points show the PSD for the z-motion with no feedback applied. The temperature is therefore assumed to be 300K. The solid points show the PSD for the z-motion with feedback turned on. The temperature of the z-motion is evaluated by fitting a Lorentzian to the experimental data points and has been evaluated to be 222mK. It can be seen that the peak approaches the noise floor, and a fit is still possible.The laser power used for this figure is higher than that in the main text and Fig.3 , hence the Z frequency peak occurs at a higher frequency.
Determining the particle position resolution: In our case the trapped nanoparticle modulates the trapping laser field as the back-scattered laser light from the particle acquires a position-dependent phase shift. Although in reality stochastically driven, here for simplicity we model the movement of the particle in the trap as z(t) = z 0 sin(ωt + α), with α is the phase and z 0 is the amplitude of the motion of the particle in the z-direction.
The scattered field: The oscillating particle then Rayleigh scatters the trapping light in all directions, half of which is then collected and collimated in the opposite direction of the trapping laser by the paraboloidal mirror. The modulation of the scattered light depending the movement of the particle can be written as
where we can write β = z 0 ∂ z α. We work out the phase of the motion of the particle to be α = kz − arctan(z/z R ), with k is the spring constant and z R the Rayleigh distance of the optics. Therefore ∂α = k − 1/z R , assuming z/z R is small, which results in
The diverging reference field: We represent the reference field as the diverging field produced by the focussing of the trapping laser by the paraboloidal mirror, represented as
where θ = 2f k + π, where f is the focal length of the mirror, and π-term is introduced due to the Gouy phase shift.
Interference of both fields, homodyne detection: The combination of both the scattering field and the reference field forms part of our homodyne detection scheme, which can be written as
Using the Jacobi-Anger identity we can expand the Bessel functions to leading order
where J n (β) is a Bessel function of the first kind, with n=(0,1,2. . . ). For the leading order in β, we can write J 0 (β) ≈1, and J 1 (β) and J 2 (β) refer to the amplitude of the first and second harmonic of the particle motion along a given axis. The ratio of these two amplitudes gives us the a means by which we can extract z 0 . By expanding the Bessel functions to their first order we have
The ratio of these amplitudes we obtain experimentally. We also know that the amplitudes of these terms depend on the wavenumber k. By changing the wavelength we can make the amplitude of one harmonic more prominent than the other, while the sum of the square of the two amplitudes should stay constant. Since we also know z 0 in terms of volts through our recorded signal we can then produce an alternative means to obtain γ, the conversion factor from Eq.(10). We can then obtain mass m and radius r of the particle without any knowledge of the pressure p and damping factor Γ 0 . The method is also transcend any assumption about the theoretical kinetic model being used. Experimental implementation of wavelength scan: The parabolic mirror used has a focal distance of f = 3.1 mm. By varying the trapping laser wavelength in the range 1545nm to 1555nm in steps of 5pm, with this we are able to vary the phase θ by 5.2π in steps of 0.03π.
Results: Fig.3c ) by comparing the change in amplitude of the first and second order z motion peaks we calculate the value for β in Eq. (14) . From this we extract the maximum position of particle motion in the z direction, z 0 = 119 ± 10nm. From equipartition theorem: m = k b T cm /ω 2 0 z 2 0 , with T cm = 300K we can obtain a pressure independent measure of the particles mass m= 3 ± 0.5 × 10 −19 kg. Assuming a spherical particle the particle has a radius r= 30nm(±2)nm. Finally using γ = V /z 0 where V is the voltage detected on our photodiode, and equation 12 it is possible to calculate the the position resolution of our set up to be S x,exp = 200 ± 20f m/ √ Hz. This wavelength scan method to evaluate the position resolution is more accurate than the method used in supplement S1. Applying the methodology in S1 results in larger errors originating from large uncertainty in the measurement of the pressure in the vacuum chamber, by circumventing pressure readings and exclusivity using the measurements of the of the optical intensity measured by our detector.In Principle this method can be used to measure any spherical particle without knowing its density.
S3 PARTICLE PREPARATION AND TRAPPING
Nanoparticle preparation and trap loading: Nanoparticles loaded into the optical trap at atmospheric pressure via the use of an Omron micro-Air nebuliser. The nebuliser disperses droplets containing individual nanoparticles. The trapping region was evacuated by a turbo-molecular pump (Pfeiffer, 70l/s) to as low as 1×10 −6 mbar with the particle in the trap. The nebuliser is loaded with a suspension of aqueous liquid containing the nano-particles. The suspension used is prepared by diluting a suspension of 26nm -160nm (diameter) silicon dioxide nano-particles in deionized water using micro pipettes. The suspension is then sonicated for 15 minutes (37kHz, 300K in an ultrasound bath) before being loaded into the nebuliser. A concentration of 76,000 particles per ml was found to work well experimentally when the particles where dispersed into the vacuum chamber. Once a particle is trapped we begin to evacuate the chamber. We tried particles from many different suppliers and manufacturers, but had best trapping and pumping Wavelength scan to measure relative amplitude change in the first and second harmonic of the trap frequency for the z-peak. The relative amplitude change depending on the wavelength of the trapping laser is used to evaluate the resolution for the detection of the particle position. For a 60nm diameter silica particle, trapped at 1 × 10 −2 mbar we can observe how the amplitude of the first order peak (top panel, fitted with sin (θ)2J1(β) sin(ω0t)) and second order peak (lower panel, fitted with cos (θ)2J2(β) sin (2ω0t)), changes as the wavelength of the laser if varied to extract a parameter independent position resolution.
results with particles from the companies micro-particles GmbH and Corpuscular. The trapping success was increased significantly by turning the feedback stabilisation on with previously known feedback parameters.
Experimental setup of trap: The optical trap is generated with light from a stabilised fibre laser (λ = 1550nm, NKT Koheras Basik CI5, 40mW). The output of the laser is intensity modulated by a AOM (PhotonLines, 80MHz) according to a feedback signal (see supplement S6 for details). The light then seeds an erbium doped fibre amplifier (EDFA, NuPhoton) to a maximum power of 1W. The light is focused by a high numerical aperture (NA=0.995) parabolic aluminium mirror which is mounted in a vacuum chamber. We trap silica (SiO 2 ) nanoparticles at vacuum as low as 1×10 −6 mbar and at trap frequency ω 0 . This trap frequency can be controlled by varying the laser power and hence the optical spring constant to achieve a ω 0 in the range 10kHz to 300kHz. The particle is a driven dipole and hence radiates a field, a backwards propagating fraction of which is collected and collimated by the same parabolic mirror. Interference between this back scattered field E scat , and the highly divergent field which passes without interacting with the particle through the focus E div (the local oscillator reference field), provides interferometric position resolution (see Fig. 1d ) in the main paper). By allowing the reference field to diverge, we make the reference field amplitude comparable with that scattered by the particle, giving a large modulation visibility at the detector. This results in a high particle position resolution.
S4 THE PARABOLIC MIRROR AND CALCULATING ITS NA
The mirror has been precision machined directly from aluminium by the company Symonds Mirror Technology with a surface tolerance of 15nm. There is no optical or protective coating attached to the aluminium surface. The parabolic mirror as a reflective high NA optic is a cheap alternative to lens optics. The mirror is easy to implement 6 . Geometry of the parabolic mirror. The polarisable particle is trapped in the diffraction limited focal point of the parabolic mirror. We have used a number of different mirror designs though out the experiment, which differ in the working distance, the focal point with respect to the plane surface of the mirror and the numerical aperture NA. The more of the paraboloid used for the mirror, the higher the NA. The NA can also be varied/reduced for a given mirror by modification of the waist of the laser light incident on the mirror: If the light spot is smaller than the machined paraboloid, the the NA is less than the maximum. Typical mirrors, as used here, have a NA≈1.
and to us at ultra-high vacuum, which is more difficult for high NA objective lenses. Another advantage, the mirror does not have chromatic effects, which make the position of the focal point independent of the wavelength used. The latter might be interesting for multi-wavelength spectroscopy and manipulation techniques.
Evaluation of the numerical aperture: The geometry of the mirror trap is illustrated in Fig.(6) . The numerical aperture (NA) is defined as the light acceptance cone of the parabolic mirror. As the scattered light from a trapped particle diverges from the focus, we consider the solid angle at the distance z 0 as a fraction of the maximum angle of acceptance 2π. Thus allowing us to write [45] :
The general paraboloid function is z = r 2 /(4f ), where z is the height above the bottom of the mirror, r is the radius of the paraboloid at z, and f is the focal length. For the paraboloid as shown in Fig.6 at the maximum radius r 0 and at the corresponding height z 0 , with z 0 ≤ f , the angle θ between the optical axis and the edge of the paraboloid is given by
We can thus define the NA of the parabolic mirror to be
The mirror used for the majority of experiments in this study, had a focal length of f =3.1mm and r 0 =12.7mm, which gives a NA of 0.995.
S5 EVALUATION OF NOISES IN THE EXPERIMENT BY ALLAN DEVIATION
We analyse the noise in the experiment using Allan variance evaluation of the frequency dependent noise in the signal of the mechanical harmonic oscillator. The noise analysed contains information about fluctuation of amplitude, frequency and phase of the harmonically oscillating motion of the trapped particle.
Allan variance σ 2 j can be depicted in the following steps.: 1) Take a long sequence of time domain data, z(t). We choose z-direction of motion as this is the most sensitive in the experiment. 2) Chop signal in sequences according to time parameter τ and average the signal within τ . 3) Repeat for various values of τ and plot according to:
We will use Allan deviation which is given by σ j . We repeat the procedure for variation of accessible experimental parameters: background pressure, feedback modulation depth η, and feedback phase. We find [in agreement with modelling] that the harmonic motion of the trapped particle is dominated by noise from collisions with background gas. Laser noise amplitudes are small compared to the collisional noise. Allan Deviation: Pressure Variation. Having created a means by which we can produce the Allan variance/deviation; we can start to compare at different parameter variations. We are concerned specifically in our trapping frequency range, namely 10 kHz to 300 kHz, indicated as grey area in the Allan deviation figures. It is FIG. 7. Noise from pressure variation:Allan variance of 150nm particle as it is cooled with constant feedback parameters but at different background pressure in the vacuum chamber. The different colour lines indicated Alan deviation at different pressures. The grey are indicated the frequency range of the mechanical oscillation of the trapped particle where the noise couples directly to the motion. Noise at the frequencies of x, y, z-motion, at along the vertical dashed lines, will need to be reduced as much as possible to realise a extreme high Q oscillator. apparent from Fig.7 that by decreasing pressure the Allan deviation is decreasing and approaching the noise floor of the experiment. The noise floor was taken with no particle in the trap, but with the laser system, detectors and detection electronics in usual operation mode. It represents the minimum noise level possible at the given configuration of the experiment. The clear trend in pressure dependency toward the noise floor indicates that random gas collisions are the dominating noise source for the motion of the trapped particle. This is in agreement with the theoretical modelling described in the main text.
Each data string used for this Allan deviation noise analysis was taken for the duration of one second, which is a comparably short time. Therefore we do not expect to cancel [average out] any random noises in this measurements. Data has not been taken at conditions and durations to perform a specifically low noise measurement. The Allan noise plots are meant to illustrate the usual noise level in a typical experiment, where there is clearly a lot of room for noise reduction procedures.
Allan Deviation: Feedback Modulation Depth Variation. Here we vary the feedback modulation depth η while keeping all other parameters constant. We can see that there is no clear η-dependency from the noise levels (see FIG. 8 . Noise from feedback gain variation: Allan deviation of the time-domain signal of the trapped particle motion in z-direction as it is cooled with increased modulation depth η of the parametric feedback at constant pressure 5×10 −6 mbar and feedback phase φ=70 degrees. Fig.8 ) and the magnitude of the variation within the data set is much less compared to the observed variation for the pressure dependence.
To further cool the particle a naive attempt could be to increase η further. However we experimentally observe that after a certain gain factor threshold at a relative modulation depth of a few percent, we are unable to cool the motion of the trapped particle instead heating of the motion was observed.
One could speculate that this is due to noise being introduced by the feedback while increasing the modulation depth. Instead this analysis, using Allan deviation, indicates that this is not the case, as there is no obvious trend in the noise depending on η. Our analysis suggests that the reason for the non-trivial relation between η and cooling temperature is within the parametric dynamics of the feedback itself.
Allan Deviation: Feedback Phase. As shown in Fig.3 ) (in the main text) modulation of the feedback phase φ affects the temperature of the particle's centre of mass motion in the trap. Once again the question we explore here is if this effect is related to noise introduced by the feedback. We plot Allan deviation as we change phase in Fig.9 and find no clear relation between the feedback phase and the noise. In the main body of the paper we explain the observed heating and cooling effect as depending on the phase by an optical spring effect rather than related to noise.
In summary, from Allan deviation of feedback modulation depth and of phase variation we conclude that no systematic noise effects are introduced to the motion of the particle by feedback.
S6 FEEDBACK IMPLEMENTATION
While the first linear feedback scheme demonstrated in optomechanics for a cavity mirror setup [46] . the feedback was a phase shifted proportional feedback that applies a direct force via radiation pressure. The method here used is one of a parametric feedback and based on the modulation of the optical spring constant of the trap. Parametric feedback cooling takes advantage of parametric excitation, that is to say when a parametric oscillator is driven at twice the natural frequency the particles oscillation locks to the modulation phase resulting in amplification. By adjusting the phase of the driving at twice the frequency damping of the particles motion occurs. This means that to damp the motion of an optically trapped particle we need to modulate our laser intensity at twice the trap frequency and with a phase shift relative to that of the particle motion. The method used to achieve this experimentally can be seen in Fig.10 . To quantify the strength of the applied feedback we define the modulation depth η of the optical feedback signal as η = I f b /I 0 where I 0 is the laser intensity without feedback and I f b is the amplitude of the feedback modulation. By adjusting the size of the modulation depth we can control the amount of damping we induce via feedback cooling and thus raise or lower the temperature of our trapped nanoparticle as desired (See Fig.2d in the main text). This controlled heating and cooling of an optically trapped particle is a useful tool for the manipulation and the preparation of mechanical states of trapped nanoparticles.
S7 DERIVATION FOR CONNECTION OF FEEDBACK MODULATION DEPTH TO UNDERLYING DYNAMICS OF THE TRAPPED PARTICLE
Eq.(1) in the main text can be written in the following form
where F f b (t) = −k f b (t)x(t), considering the particles motion as x(t) = A sin(ω 0 t), we can write F f b in terms of the particles motion
The modulation depth is defined as η = ∆k/k 0 = ∆k/mω 2 0 allowing us to write the equation of motion in terms of our modulation depthẍ , where the signals are extracted for each spatial degree of freedom. In each of the lock in amplifiers the frequency ω and phase θ of the particle motion in one spatial degree of freedom is extracted. This information is then used to create a sine wave with amplitude A, twice the frequency of the trap frequency and a phase shift δθ relative to its measured phase, resulting in a feedback signal equivalent to xẋ. These frequency doubled and phase shifted signals for each spatial degree of freedom are added together before being sent to a AOM, to modulate the intensity of the laser beam.
Making the slow-varying approximation (x(t) =x + δx(t)), which means that the mean of the positionx is varying much slower with time as the position fluctuations δx(t), we can write,
and retaining only the linear terms in δx, we write our feedback force Eq. (24) as
noting x = A/2, we can write the equation of motion in the following form
Taking the Fourier transform of the function and rearranging yields the following Power Spectral Density, S x (ω),
Knowing that the integral of a power spectral density can be written as
Using the equipartition theroem we note,
This shows an inverse relation to the modulation depth η of the feedback introduced to the system, in agreement with Eq. (9) . From this we can see that if η → ∞ then T cm → 0. This of course is something we do not observe experimentally. We find that as η increases there is plateau of the particles temperature and sometimes an increase in the temperature such that the particle can be lost from the trap. This we infer to be due to the particle experiencing a greater impulse at higher modulation depths and therefore, resulting in nonlinear response.
S8 SYSTEM LIMITATIONS
In this section we discuss what causes limitations to cool towards the ground state in our system. The ability to cool a particle depends upon the resolution of which its position can be resolved. There are several sources of noise in the system which need to be minimized to produce the highest possible position resolution including measurement uncertainty due to the random arrival of photons at the particle's location and measurement backaction due to momentum transfer from photons to the particle.
S8.1 Detection resolution limits
To examine whether the particle motion is resolvable in the ground state we consider the motion of the particle in the ground state given by
The size of the ground state for a 66nm silica particle with ω 0 = 2π × 100kHz is x ground = 6.5pm. The detection resolution of our system has been evaluated in supplement S2 to be S x,exp = 200 ± 20f m/ √ Hz. For an integration time of 1 second we arrive at a resolution of 200±20f m. This resolution is sufficient to resolve 32 points per oscillation satisfying the Nyquist theorem. To cool a mechanical mode to near its ground state it is needed to resolve a zero-point motion ∆x at least within the (thermal) decoherence time. The mean thermal occupancy for an optically levitated nanoparticle is:
where T n = k 0 x 2 /k b , allowing us to write an expression for the zero-point motion,
The zero-point motion ∆x = 2.6pm and at 10 −9 mbar the thermal decoherence time is on the order of 10 6 s. Therefore for an integration time of one second a zero-point motion can be resolved and at the predicted ultra-high vacuum (and therefore low Γ 0 ) condition the detection resolution of our system should even allow for the spatial resolution of the ground state.
S8.2 Detection efficiency limits
Maximum detection efficiency occurs when 100% of information carrying photons are collected by the detector in the system. To examine the detection efficiency in our system we must consider the fraction of light the particle sees of the laser light passing through the focus. The size of the laser focus is given by w waist = 2πw 0 , where w 0 is the beam waist. While the particle will explore an area of w particle = πx 0 y 0 . The fraction of light at the laser focus the particle sees is η Area =w particle /w waist . The amount of light scattered by the particle is given by the Rayleigh scattering cross-section is given by, 
For a given laser power P 0 and radius of particle r, the power scattered by a nanoparticle within the trap is given by,
Therefore we can find the number of photons scattered in a given in a second is,
The percentage of photons collected η trans can be calculated by accounting for the number of photons lost by absorption in the optical components and the amount of photons collected by the parabolic mirror, which collects 50% of the scattered photons (a significant improvement on lens based traps). Combining this with the quantum efficiency of the detector η Q we can write an expression for the power detected as
The signal amplitude measured on the detector in volts is given by I det = P det × 1.0A/W × G. Where the transimpedance gain is given by G ∼ 10 5 V/A. Thus for the particle in the ground state with x ground = 6.5pm we expect about 30pV of electrical signal from the detector according to the estimated fraction of the Rayleigh scattered photons incident on the detector. The sensitivity of the balanced photo detector is 70nV / √ Hz and the Zurich Instruments UHFLI lock-in amplifier has a sensitivity of 1nV. For the signal to therefore be detectable in the ground state an amplification/gain of about 2500 and an integration time of one second will be needed. We conclude that the detection efficiency is not putting a too strong constraint on the approach of the ground state.
S8.3 Measurement noise in the system
As the modulation depth of the feedback signal is increased an increase in the cooling rate is increased. However as the modulation depth exceeds 1% the cooling rate starts to reduce and the particle temperature increases (as shown in Fig.(??) ). This is suggestive of classical measurement noise, such as detection noise, electronic noise imparted by the FPGA system, amplifiers and the lock-in amplifiers in the system. Any such noises, if picked up by the measurement system, will be amplified by the feedback loop, which is the suspected reason for the observed effect of η in Fig.(?? ) and thus places a serious limit on the cooling rate that can be achieved in the system. However it is expected that the cooling rate achieved for modulation depths of η ≤ 1% will be sufficient to cool to smallern (ultimately only limited by the photon recoil rate, see below S8.4), if the background pressure and therefore also Γ 0 are reduced.
S8.4 Photon Recoil Limit
The laser light used to trap scattering off the particle imparts a momentum kick to the trapped particle, acting as an additional heating source. In our system the collisional damping from background gases is much larger than this effect. However as the particle is cooled and the temperature reduced a point will be reached where photon recoil will become an observable effect [10] . The photon recoil rate is given by,
For our system Γ recoil = 31.8kHz, thus considering the phonon number at the steady state nδΓ = 7000 × 2π × 500Hz= 21MHz, we predict that at 24 phonons Γ recoil photon recoil will become a limiting factor in our system and will therefore prevent ground state cooling.
